Mathematical Glossary Michael Unser

Discrete multidimensional signals

m Notations and definitions

= Discrete-domain signal (square brakets): a[k] with k = (ky,--- ,kq) € Z¢
v
= Cpnorm: Jlall,zey = | Y la[k]]P | for1<p< oo
keZd

{o-inner product: (a, b) g, (z4) = Z alk] b* k]
kezd

Signal energy: ||aH§2(Zd) 2 (a,a)e,zay = Z |a[k]|?
kezd

Space of finite-energy sequences: ¢5(Z¢) = {a[k] ke Z% |lallf, ey < +oo}

= Discrete convolution: (h  a)[k] = (a * h)[k] = Z a[l] hlk —1]

m Discrete-space Fourier transform

k —k1 —k2 —ka
25 "2

= Exponent notation: z7" = z; 24
withz = (21, ,z4) € Cland k = (ky,--- ,kq) € Z¢

z-transform: A(z) = Z alk]z*
kezd

Complex sinusoids: e’ (“F) = g (Wikitwakatwaka) — gjwikigiwzkz . giwaka

= Discrete-space Fourier transform: A(e’*) = >~ alk]e 7, w e R
kezd

Inverse Fourier transform: a[k] = / A(e??)e @R dy - - - dwy
w€[—m,m]?

(2m)

m Useful properties

= Periodicity of DFT: Vk € Z94, A(e?(@w+2mk)) = A(elw)
1 . )
= Parseval identity: (a, ), (z4) = 7{1/ A(?*)B*(?*)dws - - - dwy
(27T) we[—m,m]¢
= Young inequality: ||(h * a)|l, ze) < [|Plle,zay - [lalle, z4)

= Wiener lemma: Let Ay, <2 m be the convolution inverse of h € ¢1(Z%).

Then, hiny € £1(Z%) if H(e9%) # 0, Yw € [—7, 7).
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Continuous-domain multidimensional signals

m Notations and definitions

= Continuous-domain signal (round brakets): f(z) with = (z1,--- ,z4) € R¢

P
L,-norm: HfHLp(Rd) = (/ .y |f(x)Pda;y - --dxd) Jforl <p< 4o
xe

La-inner product: (f, g) 1, w) :/ f(x) g*(x)dxy - - dg

zER?

Signal energy: || fII7, ga) = (f: /)1, (ra) :/ |f()|*day - - dag

zeRY

= Space of finite-energy functions: Ly (R?) = {f(m) cx e RY, ||f||2L2(Rd) < —|—oo}

= Convolution: (h* f)(x) = (f * h)(x) = / » f(y)hlx —y)dy; - - - dyqg

Linear shift-invariant operator: L{f}(x) = (L{é} * f) (x) PN L(w) - f(w)

m Fourier transform

Frequency variable: w = (wy, -+ ,wy) € RY
= Complex sinusoids (plane waves): ¢/(“®) = gl (W1z1Hw2zatwaza)

= Fourier transform: f(w) :/ f(x)e 7@ dg - day

xzcRd

1 . ,
Inverse Fourier transform: f(x) = (277)(1/ flw)e @ dw, - dwg  (ae.)
weRd

m Useful properties

1

= Parseval identity: (f, 9) Lo(Rd) = ﬁ/ f(w)g*(w)dwl o dwy
(QW) weRd

= Young inequality: ||(7  f)l| 1, a) < 1P, ra) - 1 f1lL, ra)
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Sampling and reconstruction

m Notations and definitions

= Necessary condition for sampling: f(x) is pointwise-continuous
= Discrete representation: f[k] = f(x)|z=k, k € Z¢

= Continuous-domain representation:

fo(@)=fx)- Y de—k)= ) fKo(z—k)

keZd keZd

= Continuous-discrete signal reconstruction formula:

F Wy A
g@) =Y cklp(x —k) = C)-¢(w)
keZe
Explicit Fourier calculation:

dw) =3 clklp(w)e 7@ = pw) - 3 clk]e R

kezd kezd

m Sampling and Poisson summation formula

= Fourier-domain effect of sampling

F(e*) =) flkle7@® = fy(w) = Y f(w+ 2mn)
kezd nezd
(Hypothesis: f[k] € El(Zd) and right-hand sum converging pointwise)

= Smoothness condition for finite-energy sampling:
flk] € £2(27),

s i d
f(x) e Wi(RY) withs > ¢ = { F(ei®) =3, cpa f(w+2mm) ae.

= Sobolev’s space of order s (“s” derivatives in Ly-sense)
Wy (RY) = {f(m)ﬂ'v €R?: / (14 [|wl]?*)|f(w)?dw; - - - dwg < —|—oo}
weRd



